Abstract. A natural number n is said to be harmonic when the harmonic mean H(n) of its positive divisors is an integer. These were first introduced almost fifty years ago. In this paper, all harmonic numbers less than 2 × 10 9 are listed, along with some other useful tables, and all harmonic numbers n with H(n) ≤ 13 are determined.
1.
Let τ (n) and σ(n) denote the number of positive divisors of a positive integer n, and their sum, respectively. The harmonic mean of these divisors is easily seen to be
Then n is said to be harmonic if H(n) is an integer. Harmonic numbers were first studied by Ore [7] , and they remain of interest because of their connection with perfect numbers. Recall that n is perfect if σ(n) = 2n; it is easy to show that every perfect number is harmonic. A list of the harmonic numbers less than 2 · 10 9 is given in Table 3 , at the end of this paper. This extends the lists of Ore [7] and Garcia [3] , which gave all harmonic numbers up to 10 5 and 10 7 , respectively. We see that no nontrivial example of an odd harmonic number is known; if it could be proved that in fact there are none, then this would imply the nonexistence of odd perfect numbers.
In [4] Guy wrote: "Which values does the harmonic mean take? Presumably not 4, 12, 16, 18, 20, 22, . . . ; does it take the value 23?" We have settled the first of these questions for the first two values in Theorem 3, below. This paper gives only a brief sketch of the proofs of the various results. Full details are given in [2] . Table 1b All n = 2 8 m ∈ H with m odd and squarefree with the following exceptions (in which p denotes a prime): n = p, n = 2p, n = 6p (p = 3), n = 30p (7 ≤ p ≤ 23), and n = 1, 15, 21, 70.
Theorem 3.
The only harmonic numbers n with H(n) ≤ 13 are the thirteen apparent in Table 3 (see §6).
2.
Throughout this note, roman letters denote positive integers and p and q denote primes. The canonical decomposition of n as a product of primes will always be written as
where we assume that
for convenience, this limit will be denoted by S(p). If p < q, a < b and c ≥ 1, then it is easily verified that
Recall that σ and τ are multiplicative functions, so that H and S are also. We specify further that S is multiplicative in an extended sense whereby we can write for example S(p a q) = S(p a )S(q), for distinct primes p and q. (Consider the left-hand side of this equation to be defined by the right-hand side.)
We will denote by H the set of all harmonic numbers. The following lemmas are required. 
Lemmas 1 and 2 are due to Ore [7] . Lemma 3 was first proved by Pomerance [8] and was rediscovered by Callan [1] . Lemma 4 is easily proved, assuming some elementary knowledge of perfect numbers. Notice that Lemma 1 can be expressed equivalently as: If n ∈ H and n > 6, then τ (n) ≥ 2 ω(n)−1 3. Proof. Note that p = 2. Let m be an odd integer such that n = 2 a m is harmonic, and suppose further that m is squarefree. Then τ (n) = 2 ω(m) (a + 1). Since H(n)σ(n) = nτ (n) and 3p | σ(n) and (3p, a + 1) = 1, we have 3 n and p n. The former implies that 3 exactly divides the right-hand side of the equation H(n)σ(n) = nτ (n), and the latter implies that 3 2 divides the left-hand side,
. This contradiction shows that m cannot be squarefree.
Lemma 6.
Suppose n is harmonic. If p is an odd prime such that p n and p | H(n), then n/p is harmonic. If 2 n and 4 | H(n), then n/2 is harmonic.
The proof is straightforward.
Lemma 7. If n is harmonic and H(n)
It follows that ω(n)+1 > 2 ω(n)−1 , and this is a contradiction when ω(n) ≥ 3. Thus, p | n when ω(n) ≥ 3. Otherwise, by Lemmas 2, 3 and 4, n is perfect.
The proof is omitted. It uses results of Hagis [5] and Steuerwald [9] . This result is Theorem 2 in Garcia [3] . It was derived independently, and stated in the form above, by Mills [6] .
3.
Sketch of the proof of Theorem 1. For each value of a in turn, we put n = 2 a m, where m is odd and squarefree, and assume n ∈ H. The case a = 1 is clear from Lemma 1, and Lemma 5 accounts for the cases a = 3, 7 and 9, because σ(2 3 ) = 3·5, σ(2 7 ) = 3 · 5 · 17 and σ(2 9 ) = 3 · 11 · 31. The following notation is convenient. For any prime q and distinct primes q 1 , . . . , q s , write
, where (k, 14) = 1, and note that H(2 2 7) = 3. Either k = 1, giving n = 2 2 7 = 28, or k is squarefree and 3H(k) is an integer. In this case, set k = q 1 . . . q s , where q 1 , . . . , q s are distinct primes, not 2 or 7. We have
The argument from here, and similarly in the remainder of this proof, rests on determining whether and how, in this rational number, the denominator can fully factor into the numerator to produce an integer. We take q 1 = 3 so that q 1 = 5. If s = 1, then we have found n = 2 2 5 · 7 = 140. Otherwise, H(n) = 5Q 2,s , in which now we may suppose that q 2 < · · · < q s . We cannot have q 2 = 5, since then q 2 = 9 is not prime, and q 2 < q i for i ≥ 2, so we have found all such n = 2 2 m. The proofs for the cases a = 4, 5, 6, 10 and 11 are similarly short, and will not be given here, but that for the case a = 8 is very long. It begins as follows.
Suppose n = 2 8 m. Since σ(2 8 ) = 7 · 73 and H(n)σ(n) = nτ (n) with τ(n) = 2 ω(n)−1 3 2 , we have 7 n and 73 n. Put n = 2 8 6 , and so on. Then we must consider the other possible values of q 5 , and then the other possible values of q 4 .
The proof continues until all possibilities have been considered.
4.
Sketch of the proof of Theorem 2. Suppose n> 1 and, as above, write n =
Then, since H(n) = τ(n)/(σ(n)/n), the theorem is proved for those n for which τ (n) ≥ 2 t+1 . In fact, this is always the case, except if n is squarefree or of the form p 2 m, where m is squarefree and p m. These possibilities must be investigated more closely, leading to the exceptions noted in the statement of the theorem.
An easy consequence of Theorem 2, using Lemmas 1, 2 and 3, is that the inequality (1) holds for any harmonic number n, n > 6.
For our proof of Theorem 3, we require a tabulated improvement of (1), for harmonic numbers n with small values of ω(n). Let P i denote the ith prime, so that P 1 = 2, P 2 = 3, . . . . Then p i ≥ P i for each i, and our improvement is based on exact calculations with P i /(P i − 1), rather than (i + 1)/i as in the above proof.
For example, if 2 n and ω(n) = 3, then using (2), S(n) = S(2p
(3/2)(3/2)(5/4) = 64 15 .
In this way, we have constructed the column of lower bounds for H(n) headed 2 n in Table 2 . For each value of ω(n), H(n) is not less than the corresponding entry in this column. The other columns treat the special cases in which 2 a n for 2 ≤ a ≤ 11, 2 12 | n and 2 n, respectively. Table 2 Lower bounds for 
. This is used in the calculations for the third column of Table 2 , and in this fashion Table 2 may be completed.
Notice from the table that ω(n) ≤ 4 if H(n) ≤ 13. Not having to consider ω(n) ≥ 5 was the main reason for seeking only those n ∈ H with H(n) ≤ 13 in Theorem 3. The number of columns in Table 2 was determined by continuing until it could be asserted that if n is harmonic with H(n) ≤ 13, and n is even, then 2 6 n (except if n = 105664).
5.
The proof of Theorem 3 will be described in this section. There will be many applications of Lemma 1 and (2), often without special mention. Lemma 1 implies that, for n ∈ H, τ(n) = 8 if ω(n) = 3, and τ (n) = 16 if ω(n) = 4. For reference throughout the full proof, [2] includes a convenient table of possible values of τ (n) for ω(n) = 3 and 4, together with the corresponding possible exponents on the prime factors of n.
The proof makes considerable use of the following technical lemma, whose proof we omit.
Lemma 10. Suppose n is a harmonic number, satisfying n > 2 · 10 9 and H(n) ≤ 13. Then n has a prime factor exceeding 20.
Sketch of the proof of Theorem 3. As a function of ω(n), the right-hand side of (1) is increasing, and equals 4 when ω(n) = 3. Therefore, Theorem 2 implies that H(n) ≥ 5 when ω(n) ≥ 3. Then if H(n) ≤ 4 we must have n = 1, since H(1) = 1, or ω(n) = 2, by Lemma 2. Then, by Lemmas 3 and 4, n = 6 or 28. In particular, there is no solution of the equation H(n) = 4.
Suppose H(n) = 5, so that 5σ(n) = nτ (n). Two solutions, n = 140 and n = 496, are evident from Table 3 . For any other solution, from Table 2 we have ω(n) = 3 and 2 n, and from Lemma 7 we have 5 | n. By Lemma 10, the remaining prime factor exceeds 20. Then τ (n) = 5S(n) < 5S(2 · 5 · 23) < 9.9, a contradiction of Lemma 1.
The proof continues in this manner, considering in turn each possible value of H(n). Each case requires a special argument and, generally speaking, each is more complicated than the one before. Here, we shall give further only the penultimate case.
Suppose H(n) = 12, so that 12σ(n) = nτ (n). Using Lemma 6, we deduce that we cannot have 2 n or 3 n, and, from Lemma 8, τ (n) = 24 or 36. Of course, τ (n) = 12. We note that there are no solutions in Table 3 .
Suppose n is odd. Then we cannot have ω(n) = 4 since this implies 32 ≤ τ (n) = 12S(n) < 12S(3 · 5 · 7 · 23) < 27.5. So, if n is odd, then ω(n) = 3, and τ (n) < 12S(3 · 5 · 23) < 23.6. Notice that 4 | τ (n), since otherwise 2 | n, so then 3 τ (n). Thus 3 2 | n, but we cannot have 3
Except for those marked with an asterisk, all numbers in Table 3 are also arithmetic: a natural number n is arithmetic if the arithmetic mean A(n) of its positive divisors is an integer. In [7] , Ore describes his interest in harmonic numbers that are neither arithmetic nor perfect; he originally thought perhaps there were none, but found the first example himself.
It is easy to see that A(n)H(n) = n for any n, so those numbers marked with an asterisk in Table 3 are, equivalently, those n ∈ H, n ≤ 2 · 10 9 , for which H(n) n. There are six other examples in Table 1b. 
